In a Type III degeneration of K3 surfaces the dual graph of the central bre is a triangulation of S 2 . We realise the tetrahedral, octahedral and especially the icosahedral triangulation in families of K3 surfaces, preferably with the associated symmetry groups acting.
Introduction
A degeneration of surfaces is a 1-parameter family with general bre a smooth complex surface. The case of K3 surfaces has attracted a lot of attention. A nice discussion is contained in the introductory rst paper F-M] of the bundle SAGS] . One usually allows base change and modi cations to obtain good models. After a rami ed cover of the base and resolution of singularities we can assume that the degeneration f: X ! S 3 0 is semistable: the zero bre X = f ?1 (0) is a reduced divisor with (simple) normal crossings in the smooth manifold X.
Further modi cations of a K3 degeneration lead to a minimal model, which falls into one of three types.
In a Type III degeneration of K3 surfaces the dual graph of the central bre is a triangulation of S 2 . In this paper I construct an example with my favourite triangulation, the icosahedral one. A substantial part is taken up by the tetrahedral case, which is easier to handle and allows more explicit results.
It is not di cult to realise the tetrahedral and octahedral triangulations. In his monograph Ulf Persson invites the reader`to nd a degeneration into a dodekahedron of rational surfaces ' P, p. 126] . By deformation theory we show the existence of a degeneration of degree 60 with icosahedral symmetry, with central bre consisting of twelve Del Pezzo surfaces of degree ve, glued together along pentagons. Unfortunately the computations are too di cult to give explicit formulas. The same holds for a related problem in less variables, smoothing the Stanley-Reisner ring of the icosahedron. A semistable model of such a degeneration has as central bre a complexi ed football. The extra components come from singularities of the total space.
The last example suggests that one can get a dodecahedron out of a central bre with less than 12 components. This requires a breaking of the symmetry.
I obtain in (5.16) an explicit degeneration, whose general bre is a smooth K3 surface of degree 12 in P 7 , with special bre consisting of 6 planes with triangles as double curves and 3 quadric surfaces with rectangular double curve. Its total space has three singularities, which are isomorphic to cones over Del Pezzo surfaces of degree 5, and 18 A 1 points. The dual graph of the central bre on a suitable smooth model is the icosahedron. This paper is a shortened version of S2], concentrating on the explicit computations.
1. Semistable degenerations of K3-surfaces (1.1) The name K3 has been explained by Andr e Weil:`ainsi nomm ees en l'honneur de Kummer, K ahler, Kodaira et de la belle montagne K2 au Cachemire' Andr e Weil, uvres Scienti ques, p. 546]. He calls any surface a K3, if it has the di erentiable structure of a smooth quartic surface in P 3 (C). A Kummer surface is a quartic with 16 A 1 -singularities. As these singularities admit simultaneous resolution, the minimal resolution of a Kummer surface deforms into a smooth quartic and is therefore a K3 surface. A quartic surface X is simply connected, so in particular b 1 (X) = 0 and has trivial canonical sheaf by the adjunction formula:
X is an anti-canonical divisor in P 3 .
(1.2) De nition. A smooth complex surface X is called a K3 surface, if b 1 (X) = 0 and K X is trivial.
The equivalence with Weil's de nitions follows because all K3 surfaces form one connected family.
(1.3) Let f: X ! S 3 0 be a proper surjective holomorphic map of a 3-dimensional complex manifold X to a (germ of a) curve S such that the zero bre X = f ?1 (0) is a reduced divisor with (simple) normal crossings; then the degeneration f is called semistable.
In the K3 case the following holds (see F-M]) for exact references):
(1.4) Theorem (Kulikov) . Let f: X ! S be a semistable degeneration of K3
surfaces. If all components of X = f ?1 (0) are K ahler, then there exists a modication X 0 of X such that K X 0 0. A degeneration as in the conclusion of the theorem (K X 0) is called a Kulikov model.
(1.5) Theorem (Persson, Kulikov) . Let f: X ! S be a Kulikov model of a degeneration of K3 surfaces with all components of X = f ?1 (0) K ahler. Then either I X is smooth, or II X is a chain of elliptic ruled components with rational surfaces at the ends and all double curves are smooth elliptic curves, or III X consists of rational surfaces meeting along rational curves which form cycles on each component. The dual graph is a triangulation of S 2 .
According to the case division in the theorem one speaks of degenerations of type I, II, or III. Without the K ahler assumption it is not always possible to arrange that K X 0 K, N] ?1 on both components X i , X j on which it lies. There are two triple points on C ? involving the components X k and X l . After the op C + is a double curve lying in the components X k and X l . Note that we we might lose projectivity by using elementary transformations. (1.6) The Minus One Theorem M-M]. By modi cations of type I and II one can achieve that every component of the double curve of the special bre has self intersection ?1 on both components on which it lies. (1.7) Let To obtain a family f: X ! S one has to blow up the base locus of the pencil. This can be done in several ways. Blowing up T = Q = 0 gives a total space which is singular, with in general 24 ordinary double points coming from the 24 intersection points of Q with the double curve of the tetrahedron T.
Arguably, this is the nicest model, and the best one can hope for in view of the theory of minimal models of 3-folds. A smooth model is obtained by a suitable small resolution of the 24 singularities. The quartic intersects each edge of the tetrahedron in four points. To get the (?1)-form two of them have to be blown up in one face and the other two in the other face. The central bre then consists of four Del Pezzo surfaces of degree 3.
Alternatively one can blow up the irreducible components of T = Q = 0 one at a time. The advantage is that one has a projective model. However it is not in (?1)-form and furthermore the symmetry is not preserved. To achieve (?1)-form we have to apply modi cations of type I; here we may loose projectivity.
(2.
2) The tetrahedron of degree 12. We glue together four Del Pezzo surfaces of degree 3. Take coordinates x 1 , . . . , x 4 , y 1 , . . . , y 4 on P 7 . Let fi; j; k; lg = f1; 2; 3; 4g. The Del Pezzo surface X i lies in y i = x j = x k = x l = 0 and has an equation of the form y j y k y l ? x i F i (x i ; y j ; y k ; y l ) = 0 ; where F i is a quadratic form; more speci cally, The condition that X i is nonsingular in the vertices of the triangle x i = y j y k y l = 0 is that the coe cients f i in F i do not vanish.
The ideal of the tetrahedron X = S i X i has 14 generators, the 4 cubic Del Pezzo equations y j y k y l ?x i F i and 10 quadratic monomials: the six products x i x j and the four products x i y i . The relations among them are: Proof . We look at the chart y 4 = 1. Then x 4 = 0 and we have the equations x i x j , x i y i , y 1 y 2 y 3 and y i y j ? x k F k . In all points near the origin y 1 y 2 y 3 7 ! 1 is generator of the in nitesimal normal bundle O D (X) . We now look on the y 2 -axis. The equation y 2 y 1 ? x 3 F 3 shows that the section y 1 y 2 y 3 7 ! 1 has a pole in the zeroes of F 3 restricted to the y 2 -axis, and likewise in the zeroes of F 1 (using the equation y 2 y 3 ? x 1 F 1 which restricts to a multiple of the above denominator for each line. For each face we nd from the following Lemma the condition that the 12 points in the corresponding hyperplane are cut out by a quartic. We obtain four equations, which in fact are not independent: under our assumption that all f i jj are di erent from 0 one can derive one equation from the remaining three. They give necessary and su cient conditions for the existence of the quaternary quartic.
(2.4) Lemma. Consider 3n points P i; with P i;1 , . . . , P i;n smooth points of the triangle x 1 x 2 x 3 = 0, lying on the side x i = 0 and given by the binary form B i (x j ; x k ) = P n m=0 b im x m j x n?m k , where (i; j; k) is a cyclic permutation of (1; 2; 3). Proof . Suppose A(x 1 ; x 2 ; x 3 ) = P l+m+p=n a lmp x l 1 x m 2 x p 3 cuts out the points. Then A(0; x 2 ; x 3 ) is proportional to B 1 (x 2 ; x 3 ), so (a 0n0 : a 00n ) = (b 10 : b 1n ). Likewise we have that (a 00n : a n00 ) = (b 20 : b 2n ) and (a n00 : a 0n0 ) = (b 30 : b 3n ). Multiplying these ratios gives the condition.
Conversely, to nd A we may suppose that b 10 = b 3n = 1 = a 0n0 (as no point lies at one of the vertices). We put A(0; x 2 ; x 3 ) = B 1 (x 2 ; x 3 ), A(x 1 ; x 2 ; 0) = B 3 (x 1 ; x 2 ). We also can take b 20 = a 00n . As b 1n = a 00n the condition gives now b 2n = b 30 = a n00 and we can set A(x 1 ; 0; x 3 ) = B 2 (x 1 ; x 3 ). The remaining monomials in A are divisible by x 1 x 2 x 3 and do not matter. (2.6) In nitesimal deformations. We compute embedded deformations modulo coordinate transformations. To this end we look at the equations as de ning the a ne cone C(X) over X. We follow the standard procedure (see e.g. S1]): given equations f i , satisfying relations P f i r ij = 0, we have to lift the equations to F i = f i + "f 0 i and the relations to R ij = r ij + r 0 ij , satisfying
. This means that we have to nd f 0 i such that P f 0 i r ij lies in the ideal generated by the f i . Using undetermined coe cients this is a nite dimensional problem for each degree. The deformations of C(X) in degree 0 give embedded deformations of X in P 7 , while those in degree < 0 have an interpretation in terms of extensions of X: they tells us of which varieties X is a hyperplane section. Our main interest lies in the degree 0 deformations, but as preparation we rst compute those of negative degrees. from which we get b ij = 0, a k ij = a l ij = 0. We now put
We nd a j ii x 2 j + X 6 =j b ii x j y ? a j ij x j y i = 0 :
We conclude a j ii = 0, b j ii = 0 for all j 6 = i and nally a j ij = b i ii . In particular a j ij is independent of j. We can use the coordinate transformation x i 7 ! x i ? b i ii to get rid of the a j ij -term. So the equations x i x j are not perturbed at all. This means that x i y j is only perturbed with the term a i ii x i , which can be made to vanish by coordinate transformations in the y i -variables. As above we nd that the only allowable pertubations of the cubic equation y j y k y l ? x i F i are those divisible by We can determine all coe cients, but because c ii does not depend on j, we get 
Under the d-semistability conditions the rank of the matrix is 5, and we obtain one in nitesimal deformation, where the quadratic equations are perturbed. Furthermore one has the perturbations of the cubic equations alone, which as before have to be divisible by x i . We already used 44 coordinate transformations. The coe cient of x i y y can be made to vanish with a transformation of the type y 7 ! y ? "x i . So we have 28 coe cients left and the diagonal coordinate transformations, giving dimension 21. 
If we try to lift to higher order complicated formulas arise, and it is not clear whether the computation is nite. It does stop if we restrict ourselves to the case of tetrahedral symmetry. Then f ij does not depend on (i; j), and we call the common value f; likewise g is the value of all g j i and h of the h i . We retain the notation H i = g(y j + y k + y l ) + hx i . By a coordinate transformation x i 7 ! x i + df 2 y i we simplify the expression for the rst 6 equations. We write t for the deformation parameter.
(2.9) Proposition. The following set of equations de nes a degeneration of K3 surfaces with special bre a tetrahedron of degree 12:
x i x j + tf(y k ? tfH k )(y l ? tfH l ) ; (2.10) The relation with quartics. We can construct a degree 12 tetrahedron from four planes in P 3 by rst blowing up each plane in 6 points and then glueing them back together.
Therefore we rst describe the blow up in a way adapted to our situation. The problem of actually writing down a cubic equation is not often treated in the literature (see however Ma]). Here we want to x a particular hyperplane section, which limits the choice of coordinates.
Let two points lie on each side of the coordinate triangle in P 2 with coordinates (z 1 : z 2 : z 3 ). We describe them by z k = z 2 i + a ij z i z j + b ij z 2 j = 0, where (ijk) is a cyclic permutation of (123) (this means that we choose an orientation on the triangle). As cubics through the six points we take the coordinate triangle and three cubics, each consisting of a side and a quadric passing through the remaining four points. More precisely, we take This last formula also works if the 6 points lie on a conic, but then it is easier to take the y i as product of a side and the conic through the 6 points; this means adding a multiple of x 0 to each y i . The equation then becomes y 1 y 2 y 3 ? x 0 Q(y) with Q(z) the conic.
Now we apply this to our tetrahedron. We choose an orientation and orient the faces with the induced orientation. We get variables x i and y i . For the face i we take x i = z j z k z l as before, but we multiply y j by a factor ij to be determined later. So we set y j = ij z j (z 2 l + : : :). Now we look at the line z 3 = z 0 = 0, with coordinates (z 1 : z 2 ). Via the coordinates of face 0 we get the embedding We can ask which choices of 24 points give our symmetric tetrahedron. The condition Q b ij = 1 limits the possibilities. In particular, if all b ij = 1, the six points in each face lie on a conic, giving a singular tetrahedron. If we take the quartic Q = (a 2 1 + b 2 ) 2 then each element of the pencil has 12 singular points.
We can blow up them and blow down the six conics in the faces by embedding the pencil in P 7 P 1 with the linear system of cubics in P 3 with as base points the 12 singular points. We set x i = z j z k z l y i = z i (a 2 1 + b 2 ) : We obtain a symmetric tetrahedron with g = h = 0.
We get nonsingular Del Pezzo surfaces by taking all b ij = ?1, and a ij = a. Then In particular, we obtain di erent smoothings of the same tetrahedron, those embedded in P 7 and other ones, where the general bre is embeddable in P 3 .
They belong to di erent 19-dimensional hypersurfaces in the 20-dimensional subspace of the versal deformation whose general bre is a smooth K3 surface.
3. Deformation theory (4.2) Example. Let be an octahedron. We map the set of vertices to C x 1 ; : : : ; x 6 ] such that opposite vertices correspond to variables with index sum 7. The Stanley-Reisner ring is minimally generated by the three monomials x i x 7?i . The spaces smoothes to a K3 surface, the complete intersection of three general quadrics. A general 1-parameter deformation is not semi-stable, because the total space has singularities at the six quadruple points of the special bre.
(4.3) Remark. To get an octahedron as dual graph we need the incidence relations of a cube. The toric variety associated to a cube is P 1 P 1 P 1 .
The general anticanonical divisor is a smooth K3, whereas the complement of the torus is the unions of six quadrics (each of the form P 1 P 1 ) with dual graph the octahedron. A small resolution of a general pencil yields a semistable degeneration. (4.5) If R is graded and the elements of (H) are homogeneous the straightening relations give a presentation for R D-E-P, p. 15].
We note that R is a deformation of the discrete Hodge algebra governed by , whose ideal is generated by the monomials M.
(4.6) Example. The equations of the tetrahedron of degree 12 of (2.2) are straightening relations. We take as Stanley-Reisner ideal , where is the stellation of the tetrahedron: in each top-dimensional face we take an additional vertex, which is joined to all vertices on the face. The partial order on the set of vertices is obtained by declaring the new vertices to be smaller. The discrete Hoge algebra has then equations x i x j , x i y j and y j y k y l .
5. The dodecahedron We can check that this is indeed a smooth Del Pezzo of degree 5 by giving an explicit birational map from P 2 , which blows up four points, see Fig. 4 . To the variable x corresponds a new vertex at the centre of the pentagon. By joining it to all other vertices we obtain a 2-dimensional simplicial complex, and the homogeneous coordinate ring of the Del Pezzo surface is a graded Hodge algebra governed by the Stanley-Reisner ideal of the complex: to satisfy H-2 we take x to be less than all y i . 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 000000000 We describe the equations for a dodecahedron X with icosahedral symmetry in more detail. We have 20 variables y , one for each dodecahedral vertex and 12 variables x i from the extra vertices in the faces. We will denote the vertices by and i. As two face vertices are not connected by an edge we have 66 equations The relations follow from the relations between the generators of the StanleyReisner ideal of the great stellated dodecahedron, which have a particularly simple form: we get a relation for each pair of equations which have one variable in common.
This gives the following list of relations, where we suppress the conditions on the indices; they can be deduced from the list of equations. relations from matrices 60 We use the equations and relations to compute in nitesimal deformations. The computations are similar to the case of the tetrahedron of degree 12. To illustrate our methods we prove that the dodecahedron X has no nontrivial extensions. This statement means that X is only a hyperplane section of the projective cone over it. To prove this we have to show that the a ne cone C(X) has no deformations of negative degree. This shows that a k ij = 0 for k = 2 fi; jg. For each we can nd a k = 2 fi; jg such that k is an edge, so b ij = 0 and the deformation has the form x i x j + a i ij x i + a j ij x j :
We now perturb equations of type (2) b i x j y = a j ij x j y to conclude that a j i = 0 for all j 6 = i, b i = 0 for all 6 = and b i = a j ij for all j such that j is an edge. It follows that a j ij = a k ik for all j and k. Using the coordinate transformation @ x i we may therefore assume that the equations of type (1) are not perturbed at all, while those of type (2) The Del Pezzo equations are not deformed.
We compute locally near a triple point and look at the chart y = 1. All variables can be eliminated except y , y and y such that , and are (5.11) We describe the non-algebraic homology class in more detail. Each double curve contains two triple points, which are homologous, so the boundary of an interval. On a component X i these intervals make up a closed polygon (with e i edges), which itself is the boundary of a topological disc. For the case of P 2 blown up in 4 points this is illustrated in Fig. 4 : after blowing up we have a pentagon, which is the boundary of the strict transform of the shaded area.
With the given coordinates this strict transform consists of all points on the Del Pezzo surface with positive coordinates. Finally the discs glue together to a real polyhedron with the same dual graph as the complex surface X. Furthermore the dimension of H 0 ( X ) equals 11, which ts with the fact that X deforms to smooth K3 surfaces (30 ? 11 = 19).
We number the vertices as in Fig. 5 . Then we have two types of equations, depending on the distance between vertices. The in nitesimal deformations are x 0 x 6 + " 06 x 2 x 3 ; x 0 x 11 By taking all " ij equal we get an icosahedral invariant deformation. The lift to a one-parameter deformation seems to involve power series of the deformation variable (I computed up to order 7). Anyway, equations for a K3 of degree 20
are not very illuminating. As before, this deformation is not semistable, because the total space has singularities. Each vertex of the icosahedron gives a singularity, which is the cone over a pentagon. It is smoothed negatively, with total space the cone over a Del Pezzo of degree 5. We resolve these singularities by blowing up. We introduce 12 Del Pezzo surfaces. The sides are blown up in three points, giving hexagons. The dual graph of the central bre is now a stellated dodecahedron. The object itself consists of pentagons and hexagons. It contains a real homology class, as described in (5.11), which looks like a football, so our special bre is a complexi ed football.
(5.14) A degeneration of degree 12. The existence of the two degenerations above with icosahedral symmetry follows from a deformation argument, but it is too complicated to give explicit equations. In the football case pentagons arise because of the singularities of the total space. This suggests that one can get a degeneration of low degree by blowing down components of the special bre. Blowing down means removing vertices from the dual graph.
We start from the icosahedron (Fig. 5 ) and remove non-adjacent vertices, say those numbered 0, 7 and 10. This means breaking the symmetry. The resulting dual graph is shown in Fig. 6 . Of the double curves on the components six are triangles and four are rectangles. We realise them on planes resp. quadric surfaces. The picture also shows a realisation (as a real polyhedron). We cannot take the Stanley-Reisner ideal, as the realisation contains rectangles. For those we take an equation of the form xy ? zt. One may think that a rectangle can be triangulated in two ways, each giving a monomial, which are forced to be equal.
The result is a surface X P 7 of degree 12. With the numbering in the gure we get the S 3 -invariant ideal x 0 x 7 ; x 0 x 4 ; x 0 x 5 ; x 0 x 6 ; x 1 x 6 ; x 2 x 6 ; x 3 x 4 ;
x 1 x 7 ? x 4 x 5 ; x 2 x 7 ? x 4 x 6 ; x 3 x 7 ? x 5 x 6 ;
x 1 x 2 x 3 :
The next thing to do is to compute the T 1 and T 2 for the a ne cone C(X) over X. This is conveniently done with a computer algebra program. x 1 x 7 ? x 4 x 5 ; x 2 x 7 ? x 4 x 6 ; x 3 x 7 ? x 5 x 6 ;
x 1 x 2 x 3 + ax 0 + b 1 x 2 x 3 + b 2 x 1 x 3 + b 3 x 1 x 2 ; and dim T 2 C(X) = 2, concentrated in degree ?2. The quadratic obstruction is given by a(c 1 ?c 2 ) = a(c 1 ?c 3 ) = 0. We conclude that the degree zero deformations are unobstructed. The base space for C (X) in non-positive degrees has two components. As we are mainly interested in S 3 -invariant deformations we consider only the component with c 1 = c 2 = c 3 (=: c). x 1 x 7 ? x 4 x 5 ; x 2 x 7 ? x 4 x 6 ; x 3 x 7 ? x 5 x 6 ; x 1 x 2 x 3 + ax 0 + b 1 x 2 x 3 + b 2 x 1 x 3 + b 3 x 1 x 2 ? b 0 (b 0 x 7 + b 1 x 6 + b 2 x 5 + b 3 x 6 + ac); For c 6 = 0 we derive the three equations x 0 x 7 ? cx i x 7?i , which show that we have a hypersurface in the cone over P 1 P 1 P 1 . (5.16) Proposition. A general one-parameter deformation in degree 0 on the component described above has a minimal model in (?1)-form with the icosahedron as dual graph for the central bre. In particular, this holds for a = c(x 2 0 + x 0 (x 1 + x 2 + x 3 ) + x 2 1 + x 2 2 + x 2 3 ); b 0 = cx 7 ; b 1 = c(x 2 + x 3 + x 6 + x 7 ); b 2 = c(x 1 + x 3 + x 5 + x 7 ); b 3 = c(x 1 + x 2 + x 4 + x 7 ): Proof . One rst checks that the general bre is a smooth K3 surface. For this it su ces to look at the hypersurface in P 1 P 1 P 1 .
In the particular example the total space has at the origin of the a ne chart x 1 = 1 a singularity, which is isomorphic to the cone over the Del Pezzo surface of degree 5, as it should be: the point to check is that we indeed have a generic local deformation. Furthermore there are 18 singularities of type A 1 . On the (x 1 ; x 4 )-line we have the point x 1 + x 4 = 0. On the (x 0 ; x 1 )-line we have two points, given by x 2 0 + x 0 x 1 + x 2 1 , and on the (x 7 ; x 7 )-line the two points x 2 6 + x 6 x 7 + x 2 7 . The other singular points are found by symmetry.
By blowing up the three singularities of multiplicity 5 and making a small resolution of the A 1 -points we get a smooth total space. To obtain the (?1)-form one has to place one exceptional curve on either component in case the double line contains two singularities. If there is only one, the exceptional curve should lie on the triangle component.
